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Abstract 

We provides some useful estimates for solving martingale represen- 
tation problem under G-expectations. We also study the corresponding 
conditions for the existence and uniqueness. 

1 Introduction 

Many important progresses in the domain of G-expectation and related G- 
Brownian motion have been made in recent years since the introduction of this 
theory. But some very important questions still remain open. An interest- 
ing and challenging one is the so called G-martingale representation problem 
proposed in [8] Peng2007] of the following form: 

M t = E G [X\n t ] = E G [X] + f z s dB s + f 7 ls d(B) s - f 2G( Vs )ds, (1) 

Jo Jo Jo 

for some given element X £ Lq($It)- As Peng pointed out in many of his lec- 
tures and discussions, this formulation permits us to treat the following version 
of BSDE driven by G-Brownian motion of the form 

yt = X + J f(s,y s ,z s ,7] s )ds-J z s dB s - J rj s d{B) 8 + J 2G(ri s )ds. 

[HI EH Peng2007, Peng2010] had only treated the above form of G-martingale 
for the situation where X € Lip(£lx) and G is non-degenerate. 

The first step towards a proof to (JTJ) f° r a more general X € Lq(Qt) was 
given by [T3] for the case where X satisfies Eg [A] = — Eq[— X]. In this case 
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the G-martingale M t — ^g\X |f2{], t > 0, is symmetric, namely —M is also a G- 
martingale. They obtained a representation of the form X = ~Eq[X] + L z s dB s , 
corresponding to the case r\ = 0. 

Observe that in the formulation of © M t = Af t s - A t , where M s = E G [X] + 
Jq z s dB s is a symmetric martingale and 

A t = [ 2G( Vs )ds- f r)sd(B) s , te[0,T] 
Jo Jo 

is a nondecreasing process with Aq = such that —At is a G-martingale. A 
very interesting problem is whether M has a unique decomposition M s — A. An 
important progress of this problem was obtained by Soner, Touzi and Zhang 
They have proved that, under the condition 

||X|U :=E G [ sup \M t \ 2 }}<^ 
v te[o,r] 

there exists a unique decomposition M = M s — A such that 

E G [A 2 T ]+E G [[ \z s \ 2 ds]<C*\\X\\^ , 
Jo v 

where C* is a universal constant. More recently, [12j Song, 2010] has significantly 
improved their result by only assuming that X £ L p g (Qt) for p > 1. His result 
will be used in this paper (see the next section). 

In this paper we give an a priori estimate of r\ in the representation of ((T|): 
if for a fixed s > 0, G e (a) — G(a) — e/2|a| is a sublinear function of o, then we 
have ^ 

Eg, / Iffcld^e-^cM+EGj-Jr]). 
Jo 

This estimate indicates clearly that the norm of r] can be dominated by Eg [X] + 
Kq e [—X] and thus provides a new proof of [51 [TU] for the existence of the rep- 
resentation in the case X £ Lj P (f2y). We will also give a proof of uniqueness of 
rj. We then show that, if the increasing part A of M satisfies a type of bounded 
variation condition, then we can also prove the existence of the representation. 

This paper is organized as follows: after given some basic settings in the next 
section, we give the a priori estimate and then a proof of the representation for 
the case where X £ Li P (Q,T), in Section 3. In Section 4 we study the uniqueness 
of representation theorem for X £ Lq(Qt)- In Section 5 we study the existence 
of the representation of G-martingales. 

2 Preliminaries 

We present some preliminaries in the theory of sublinear expectations and the 
related G-Brownian motions. More details can be found in Peng [B], [7] and [5]. 
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Definition 1 Let Q be a given set and let % be a linear space of real valued 
functions defined on Q with c G % for all constants c, and \X\ £H, if X € rl. 
% is considered as the space of our "random variables" . A sublinear expec- 
tation E on % is a functional E : H > R satisfying the following properties: 
for all X,Y G %, we have 

(a) Monotonicity: If X >Y then E[X] > E[Y]. 

(b) Constant preserving: E[c] = c. 

(c) Sub-additivity: E[X] — E[Y] < E[X — Y]. 

(d) Positive homogeneity: E[XX] = \E[X], VA > 0. 

The triple (f2, %,E) is called a sublinear expectation space. X G rl is called 
a random variable in (f2, H). We often call Y — (Yi,--- ,Yd), Yi G rl a d- 
dimensional random vector in (fl,rl). Let us consider a space of random vari- 
ables H satisfying: if Xi G H, i — 1, • • • , d, then 

<p(Xi, ■ ■ ■ ,X d ) € % for all <p G C bMp {R d ), 

where C b> Li p (M ) is the space of all bounded and Lipschitz continuous functions 
on M. d . An m-dimensional random vector X = (X\,--- ,X m ) is said to be 
independent of another n-dimensional random vector Y — (Yi, • • • , Y n ) if 

E[ V {X, Y)] = E[%(X, y)] y=Y ], for <p G C bMp (R m x R n ). 

Let X\ and X2 be two n-dimensional random vectors defined respectively in sub- 
linear expectation spaces (f2i,%i,Ei) and (fl2, H2, E2). They are called identi- 
cally distributed, denoted by X\ ~ X2, if 

&i[<p(Xi)] = E 2 [y(X 2 )], V<p G C b . Lip (R n ). 

If X , X are two m-dimensional random vectors in (fl,'H,E) and X is identically 
distributed with X and independent of X , then X is said to be an independent 
copy of X. 

Definition 2 (G-normal distribution) A d-dimensional random vector X — 
{X\, ■ ■ ■ ,Xd) in a sublinear expectation space (f2,H,E) is called G-normal dis- 
tributed if for each a , b > we have 

aX + bX ~ V« 2 + b 2 X, (2) 
where X is an independent copy of X . Here the letter G denotes the function 

G(A) := -E[(AX,X)] : § d h-> R. 

It is also proved in Peng [7j \EI that, for each a G R d and p G [1, 00) 

E[| (a,X) n = 1 ^ l^exp dx, 

where a^ aT — 2G(aa T ). 
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Definition 3 A d- dimensional stochastic process £t(w) = (£(,-•• ,£f)(u)) de- 
fined in a sublinear expectation space (f2,"H,E) is a family of d- dimensional 
random vectors parameterized by t £ [0,oo) such that Q <G H, for each 
i = 1, • • • , d and t € [0, oo). 

The most typical stochastic process in a sublinear expectation space is the 
so-called G-Brownian motion. 

Definition 4 ([6] and J5]/) Let G : §d ► K be a given monotonic and sublin- 
ear function. A process {Bt(uj)}t>Q in a sublinear expectation space (f2,%,E) 
is called a G-Brownian motion if for each n £ N and < £].,••■ ,t n < 
oo, B tl , • • • , B tn G H and the following properties are satisfied: 

(i) B o (u>)=0; 

(ii) For each t, s > 0, the increment B t+S —B t is independent of (B tl , B t2 , • • • , B tn ) , 
for each n € N and < ti < ■ ■ ■ < t n < t; 

(Hi) B t+S - B s ~ B t , for s,t>0 and E[\B t \ 3 ]/t ^ 0, as t -> 0. 
(vi) E[B t ] = -E[-B t ] = 0, for t > 0. 

It was proved that, for each t > 0, Btj\fi is G- normal distributed with 
G(A) = iE[(ABi, Si)]. In many cases B is also called G-Brownian motion 
when it only satisfies (i)-(iii), and a G-Brownian motion satisfying (i)-(iv) is 
called symmetric G-Brownian motion. In this paper we only discuss symmetric 
G-Brownian motions. 

We denote: 

Q = Gg(K. + ) the space of all Revalued continuous functions (k>t)*€R+) with 
luq = 0, equipped with the distance 

oo 

pfrW) :=^2- i [(mgx| Wt 1 - W ?|)Al]. 

i—l ' 

We denote by B(£l) the Borel cr-algebra of £1 and by M. the collection of all 
probability measure on (f2,B(0)). 
We also denote, for each t £ [0, oo): 

• Q t := {tJ.At : w 6 O}, 
. T t := B(fit), 

• L°(f2): the space of all Z?(£l)-measurable real functions, 

• L Q (ilt): the space of all £?(f2t)-measurable real functions, 

• B b (n): all bounded elements in L°(fi), B b (Q t ) := B b (VL) n L°(fi t ), 

• G(,(0): all continuous elements in i3f,(17); G(,(f2t) := B b (Vt) n L°(fi t ). 

In [3 H], a G-Brownian motion is constructed on a sublinear expectation 
space (fi,Lg,(0),]E) for p > 1, with L^(J7) such that Lg(Sl) is a Banach space 
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under the natural norm ||X|| p := IEflXlP] 1 /^. In this space the corresponding 
canonical process B t {uj) = u t , t G [0,oo), for u) G ft is a G-Brownian motion. 

Moreover, the notion of G-conditional expectation was also introduced E[- |£l t ] : 
lf G {ft) H> If G (fl t ), for each t > 0. It satisfies: E[E[X|O t ]ft s ] =E[X\fl tAs ] and 

(a) Monotonicity: If X > Y then E[X\fl t ] > E[Y\fl t ], 

(b) Constant preserving: E[?j|f2t]=77, r\ G h G (flt), 

(c) Sub-additivity: E[X|O t ]-E[y|Q t ] < E[X - Y\fl t }. 

(d) Positive homogeneity: E[^X|f2t]= ?;E[X|f2t], for bounded and non- 
negative j] £h G (ft t ). 

Furthermore, it is proved in j3] (see also [4] for a simple proof) that L°(fl) D 
h G (fl) D Cb(n), and there exists a weakly compact family V of probability 
measures defined on (ft, 8(0)) such that 

E[X] = sup S P [J5f], for X G C 6 (0). 

Pep 

We introduce the natural Choquet capacity (see [1]): 

c(A) := sup P(A), A G 8(0). 
Pep 

The space Lq(O) was also introduced independently in [2] in a quite different 
framework. 

Definition 5 A set A a ft is polar if c(A) = 0. A property holds "quasi- surely" 
(q.s.) if it holds outside a polar set. 

Lg(f2) can be characterized as follows: 

h G (fl) = {X G L°(0)| sup i5p[|X| p ] < oo, and X is c-quasi surely continuous}. 
Per 

We also denote, for p > 0, 

• L p := {X G L°(fl) : E[|X|P] = sup PeP E P [|X|f] < oo}; 

• W p := {X G L°(0) : E[\X\ P ] = 0}; 

• A/" := {X G L (O) : X = 0, c-quasi surely (q.s.).} 

It is easy to see that C p and Af p are linear spaces and N p — Af, for each 
p > 0. We denote by L p := £ P /J\f. As usual, we do not make the distinction 
between classes and their representatives. 

Now, we give the following two propositions which can be found in [3]. 

Proposition 6 For each {X n }^ =1 in G&(0) such that X n | on ft, we have 
E[X„]10. 

Proposition 7 We have 
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1. For eachp > 1, LP is a Banach space under the norm \\X\\ p := [E[\X\p] 

2. L* is the completion of B^Q) under the Banach norm ~E[\X\ p ] 1 / p . 

3. LP G is the completion ofCb(Q). 
The following proposition is obvious. 

Proposition 8 We have 

1. IZ C LP C hi C Lfl, < p < q < oo; 

2- H-X'll,, t Halloo, for each XeV°; 

3. p, q > 1, i + i = 1. Then X eLP andY e L« implies 

XY e L 1 and E[|XF|] < (E[|X| p ])p (E[|y| 9 ])' . 



Proposition 9 For a given p G (0, +oo], fei {X n }^ =1 be a sequence in LP which 
converges to X in LP . Then there exists a subsequence (X nk ) which converges 
to X quasi-surely in the sense that it converges to X outside a polar set. 

We also have 

Proposition 10 For each p > 0, 

H = {XeV: lim E[|X|*l { | X | >n} ] - 0}. 

n— 7-oc 

We introduce the following properties. They are important in this paper: 

Proposition 11 For each < t < T, £ e L 2 (fi t ), we have 

E{t(B T - B t )] = 0. 

Proof. Let P e V be given. If £ € Cf,(Qt), then we have 

= -E[-£(B T - Bt)] < SpK(B t - S t )] < E[£(B T - B t )] - 0. 

In the case when £ e L 2 (f2 t ), we have -Ep[|£| 2 ] < E[|£| 2 ] < oo. Since it is 
known that C(,(O t ) is dense in L P (Q, t ), we then can choose a sequence {^ n }^i 
in C b (Qt) such that E P [\£ - £„| 2 ] -> 0. Thus 

E P [t(B T - B t )] = lim E p [UBt - B t )] = 0. 

n— ¥oo 

The proof is complete. ■ 

From now on and throughout this paper we restrict ourselves to the situation 
of 1-dimensional G-Brownian motion case. In this case G(a) becomes a given 
sublinear and monotonic real valued function defined onl. G can be written 

as 

G(a) = \{o 2 a+ -a 2 a-). 
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Proposition 12 For each < t < T, £ <E -Bf,(f2 t ), we have 

E[£ 2 (B T ~B t ) 2 -a 2 Z 2 (T-t)}<0. (3) 
Proof. If £ £ Cb(J7t), then by [5J, we have the following Ito formula: 

ei(B T - B t ) 2 ~ ((B T ) - (Bt))] = 2 j eB s dB s . 

It follows that E[£ 2 (B T - B t ) 2 - £ 2 ((B T ) - (B t ))} = 0. On the other hand, we 
have (B) T - (B) t < a 2 (T - t), quasi surely. Thus © holds for £ e C&(fi t ). It 
follows that, for each fixed P £ V, we have 



Ep[e(B T - B t ) 2 - e{(B) T - (B) t )} < 0. 



(4) 



In the case when £ G £?&(fi t ), we can find a sequence {£„}^L! in Cfe(Ot), such 
that — > £ in L p (ft, F t ,P), for some p > 2. Thus we have 

M£(b t - B *) 2 - £((Bt) - (B t ))} < 0, 

and then, by letting n — > co, we obtain (j3| for £ e Bt,(£l t ). Thus ([3]) follows 
immediately for £ € B b (rt t ). ■ 

The space L G (fi) is a Banach space under the norm ||-|| := E G [| • | p ] 1 / p . 
We have also introduced a space of 'adapted processes' M G (0,T) which is also 
a Banach space under the following norm: 



IMIm£(Q,T) 



EcO^ndt , r?eM G (0,T). 



Exactly following Ito's original idea, for each 77 S M G (0, T), we have introduced 
Ito's integral 



We have 



E G [[ r] t dB t }=0, E c 
Jo 











0, E G 


(f H _ 


= E G 


f T \Vt\ 2 d(B) t 








Jo 



Moreover for each ( £ M G (0,T) we have the following estimate. For each 
77 £ M G (0,T) we have 



7f 2 E G [ / T |C.|ds] > E G [ / T |CsM(S)J > ^ 2 Eg[ / T |C.|ds]. 
Jo Jo Jo 



(5) 



The following relations play an essentially important role in this paper (see [TO]): 
for each ( £ M G (0,T), 



[ ( t d{B) t - [ 2G(( t )dt<0, E G [[ Q s d(B) s - j 2G(( s )ds]=Q. 
Jo Jo Jo Jo 



(6) 
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In this paper we introduce a norm 



A? jo T -, which is weaker than ||-|| m p( ry 



IMIm* (0,T) 



E, 



l/p 



Gl/ |Tft|*dt] 




The completion of M G (0,T) under this norm is denoted by M G (0,T). It is 
easy to check that the definition of Ito's integral can be extended to the case 
r] G M G (0, T) and the integral J Q T C*d (B) t can be defined also for C G M G (0, T). 
The above relations still hold true. 

We list the result of Song of G-martingale decomposition which generalizes 
that of [11]. Let H G (0,T) be the family of simple processes of form z t = 



N-l 



ilr ti)tt j(t), t G [0, T], Zj G Lip(f2 tj ). For each z in this space, we dchnc 



the following norm 



\ z \\m 



(0,T) 




l/p 



and denote by H G (0,T) the completion of H G (0,T) under this norm 



Theorem 13 ([121, Theorem 4-5) For any given p > 1 and X G L g (Qt) the 
G-martingale M t = E G [X|il t ], t G [0,T], has the following decomposition: 

M f = E G [X] + f z s dB s -A u t G [0, T], 
Jo 

where z G H G (0,T) and A is a continuous increasing process with Aq = suc/i 
£/ia£ (— A t )o<t<r is a G-martingale. Furthermore the above decomposition is 
unique and z G H G (0,T), i^T € L G (r2T) /or any 1 < a < p. 



3 A priori estimates and representation theo- 
rem for Ljp(f^) 

Let the function G be given as the above. Then for a fixed e G (0, (cr 2 — cx 2 )/2], 
we set G e (a) = G(a) — §|a|. 

Theorem 14 W^e assume that £ G L g (Qt) frfls i/ie following representation: 
there exists a pair of processes [z,rj) G if G (0, T) x Mg (0, T), with p G [1,2), 

£ = E G [£] + / T zfdB. + / T r/fd (B) s - / T 2Gfaf)ds. (7) 
Jo Jo Jo 

Then we have 

eE Ge [[ \nl\ds] <E g K]+Eg.[-C]. (8) 
Jo 
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Proof. From 

= E Ge [/ T ' 4dB a + f \ld(B) s - [ T 2GM)ds] 
Jo Jo Jo 

= E Ge [£ - EcK] + f T 2(G(vl) ~ GM))ds] 
Jo 

= E Ge [£-E G [£] + / e\r,l\ds] 
Jo 

>E Ge [[ e|77f|ds]-E G [e]-E Ge [-e] 
Jo 

we immediately have |(5J). ■ 

For the rest of this paper we assume that a > a > 0. 
We set 

L ip (Q T ) = {£ = (p(B tl ,B t2 ,--- ,B t J, <peC Lip (R n ), U G [0,00), i = 1,2, - ■■ ,n > 1} 

Theorem 15 For eac/i £ £ Lij,(Qx)> we ftoue a unique representation 

Proof. It suffices to prove the existence of (z,rf) for such type of £. 

We first consider the case where £ = f{B t2 — B tl ) with ti < t% < T and <p is 
a Lipschitz and bounded function on R. Let V be the unique viscosity solution 
of 

dt V + G{D 2 V) = 0, (t, a;) G [ti, i a ) x R d , (9) 
with terminal condition 

V(t 2 ,x) = v(x). (10) 

Since is a uniform parabolic PDE and G is a convex and Lipschitz function 
thus, by the regularity of V (see Krylov [5], Example 6.1.8 and Theorem 6.4.3, 
see also Appendix of [10]), we have 

ll^|| G i +a /2,2 + a ([iljt2 _ 5]xR<i) < oo, for some a <E (0, 1). 

Then, for each S G (0, t% — t{), we set 

rf. = l [tl , t2 -s](s)^V xx (s,B a ), z 5 s = l [tut2 _ s] (s)V x (s,B s ), s G [0,T], 



and 



Vs = l[t 1 ,t 2 )(s)^V xx {s,B s ), z s = l [tlitl) (s)V x (s,B s ), se[0,T}. 



It is clear that (z s ,r] 5 ) G M|(0,T) for each fixed (5 G (0,i 2 - ii). By Ito's 
formula we have 

V(t 2 -5, B t2 ^s)-V(t u 0) 

= [ z 6 s dB s + [ rj 6 s d(B) s - [ 2G( V s s )ds. 
Jo Jo Jo 
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On the other hand, for each t, t' € [ti,t 2 ] and x, x' £ M. d , we have 



\V{t,x)-V(t',x')\ < CW\t-t'\ + \x-x'\). 

Thus we have 

\E[\V{t 2 - 6',B t2 _ 5 ,) - V(t 2 - 5, B t ^ s )\ 2 ] 



< C(VS^W+\8 - S'\) + CE G [\B t2 ^ s - B t2 _ s ,\ 2 ] 

< C(VS~~S J + \S-S'\). 

Now for each t 2 - h > S > 5' > 0, 

V(t 2 -S,B t2 _ s )-V(t 2 -S',B t2 _ s ,) 

= [ 2 {4 - zf)dB s + [ '(ryf - V f)d(B) s - 2 / \g( V s s ) - G(r, s s '))ds 

Jti Jtx Jtx 

''(zf - zf)dB s + f\r, s a - V f)d (B) s - 2 f 2 G( V S S - r, s s ')ds. 



We then can apply © to prove that 



sE Ge [[ 2 |r?f - rg\da] < E G [V(t 2 - 5,B t2 _ s ) - V(t 2 - S',B t2 _ s ,)} 

+ E Ge [-V{t 2 - 6, Btt-g) + V(t 2 - S', B t2 _ 5 ,)\ 



< C(VS~~5 J + \5-6'\). 

Thus, when I 0, {r] &i }°°^ 1 forms a Cauchy sequence in M G ^(0, T), and the 
representation of £ = ip{B t2 — B tl ) is uniquely given by 

£ = V(<1,0) + / z s dB s + [ Vsd(B) s - [ 2G(?7 s )d S . 
Jo Jo Jo 

Moreover we have V(*i,0) = E G [X] = E G [f(B T )]. 

We now consider the case where £ = Lp(B tl ,B t2 — B tl ), where <p is a Lips- 
chitz and bounded function on R 2 . For this random variable we first solve the 
following PDE for a fixed parameter y E M: 

d t Vy + G(V™) = 0, se[h,t 2 ), W{t 2 ,x) = <p(y,x). 

Then, setting 

V S S = l [tlM -S\{s)\v^{s,B s -B H ), 4 = l [tut ^ 5] {s)V x B ^{s,B s ~B tl ), s e [t u 
and 

ris = l [tl>t2) (s)~vf x H (s,B s -B tl ), z s = l [tut2) ( S )V^{s,B s -B tl ), s € [t u T]. 
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Exactly as in the first case, we can prove that 

cT i-T 



e = EoK|fi tl ]+ / z s dB s + f n s d(B) s - f 2G{n t 

Jtx Jtl Jtl 



)ds (11) 



and, moreover Eg[X |f2 tl ] = V B 'i (ti, 0). It is easy to check that V v (t,0) is a 
bounded and Lipschitz function of y £ K. We then can further solve, backwardly, 

d t V + G{V xx ) = 0, t£[0,h], V{t,x) = V x (t,0). 

Setting 

V 6 a = IpA-JjWjt^^B.), *J = lio, tl -S](s)V x {s,B s ), s € [0,i), 

and 

^ s = 1 [o,t 1 )(s)^V^ a; (s,S s ), z s = l [0M) (s)V x (s,B s ), s € [0,ii), 
and then using again the same approach, we arrive at 

Eo[£|n tl ] = E gK] + / 1 + f \sd (B) s - f 1 2G(r/ s )ds. (12) 

Jo Jo Jo 

This with ((TT|) yields that 

£ = E G [£] + f z s dB s + [ Vsd(B) s - [ 2G(n s )ds. 
Jo Jo Jo 

We can use exactly the same approach to find, for X — Lp(B tl ,B t2 — 
B tl , ■ • • , B tn — B tn l ), for any given bounded and Lipschitz function tp defined 
on l n and for any < t\ < t% < ■ ■ ■ < t n < T. The proof is complete. ■ 

4 Uniqueness of representation theorem 

Lemma 16 We assume £ € L^(Ht), with G = G V G e where 

Ge(a) = ^[(a 2 - e)a+ - g^Q-], < g% < (a 2 - e) 
G^a) = l -[a 2 e a + {a 2 + eja"], (a 2 + e) < a\. 



Then there exists at most one (z,rj) € (0,T) x AfL (0,T) satisfying 

£ = E G [£] + / z s dB s + / Vsd(B) s - [ 2G(n s )ds. 
Jo Jo Jo 
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Proof. Let {z\rf) e Ml (0,T) x Ml (0,T), i = 1,2 satisfy the above repre- 
sentation. Then 

[ z s dB s + [ f).d(B) 6 - [ 2[G( V l) - G(r, 2 )}ds = 0, 
Jo Jo Jo 

where we denote z = z 1 — z 2 , fj = r\ x — rj 2 . For each bounded process fj, e 
M£(0,T), we have 

/ ^ s z s dB s + [ fi s r) s d{B) s - [ 2 f i s [G(7 1 1 s )-G(r 1 2 s )}ds = 0. 
Jo Jo Jo 

Fix S > 0, we put 

Since (a - b)(G(a) - G(b) = \a - b\ ■ \G(a) - G(b)\, 

fi s z s dB s + [ T J£?d(B) B - C 2G e {^-)ds 
Jo $+\Vs\ Jo $+\Vs\ 

Since Eg [7 £ ] = 0, we then have 

fT U 12 



Ge Jo 8+\Va\ 



Sending 5 to we deduce that E^ [J Q T |f) s |ds] = 0. We thus have fj s = in 
Ml (0,T). Thus 



E 



[jf |zJ-*M<^%.[(j[ (zl-z 2 )^! ]=0. 



Remark 17 JFe can a/so tofce 



/is 
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In this case we have 



in « + ]«.! <S + 1>?.1 



> ! T , -« 2 W . ,,2 , .» l*i,l 2 „ 

'Jo 6 + \r) s \ 'S + l^l 1 

T W 



1 sTW\ ds 







Since E^e [7] = 0, we t/ien /iaue 



/o <*+l%l 

Sending 5 to we deduce that e¥,g^[Jq \fj s \ds] = 0. 

5 Existence of the representation 

We will use Theorem [T3l For each £ £ L G (f2r), there exists a unique decompo- 
sition 

£ = E G [£] + f zldB s -A% 
Jo 

with = 0, Af - A| > and E G [-A£|Q S ] = -Af, for s < t. 

Definition 18 We define the following distance in L^(Qt)-' given a <= (1,2), 

N 

p(6,6) = %[|a-6| 2 ] 1/2 + %[ sup |^L4^ -A%-{A% -A%)\ a Y' a 

< oo, a, 6 e LfrCfir). 

where ttn[0,T] is the collection of all (deterministic) finite partitions of [0,T]. 

Since (£^(0^), p) forms a metric space, we denote the completion of this 
space under p by L^(flx). For each £ g L^(Qt), there exists a sequence 
in L ip (ti T ) such lim p(e,Cn) = 0. We have 

£ = E G [£] + / 4dS s -4- 
Jo 

The following Lemma is easy: 
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Lemma 19 For each £ € Lq(Qt) and ft € M G (0,T) such that \m\ < c, we 
have 

sup E G [| / HsdA*- [ ^ s dAf\]<cp(^0- 
peMg(0,T) Jo Jo 

|^l|<C 

Theorem 20 For each £ e L^*(Q) and for each a G (1,2), £/iere ermfc a 
z« e if" (0, T) and ?7« e Ml (0, T) suc/j iftcrf 

£ = EgK] + / T ^ + / T (B) a - / T 2G(,?f )ds. (13) 
Jo Jo Jo 

Proof. Let be a Cauchy sequence in the metric space (Lq* (Q,t) , p) 

such that p(£n, £) — > as n — > oo. We have the following unique representation: 

£„ = Eg [&] + /" T *! B <*B. + f vl n d{B) s - C 2G{^)ds, (14) 
Jo Jo Jo 

with (z^,T]^) e if£ (0, T) x ML (0, T), i = 1, 2 be have the above representa- 
tion. Then 

E G [£ m |^] - EcKnlfit] = Eg Km] - E G [£»] 

+ /' zT n dB s + f f,T' n d(B) s f 2[G(C) - G(^)]ds. 
Jo Jo Jo 

where we denote z m ' n = z rn — z n , f] = r\ m - r\ n . Fix 5 > 0, we set 



f.m,n 
,m,n 'Is 



<5 + |7? s m '"| 

Since (a - b)(G(a) - G(b) = \a-b\- \G(a) - G(b)\, 

(•T \~m,n\2 rT |~m,ra|2 



r-t |^m,n|2 rl |^m,n|2 

= L 5 + \vT< n \ d{B)s ~L 2Ge{ JTwF r \ )ds 
f T r 2\G( V T)-G(v2)\-\vT' n \ , _ 9r ( i^ ro '"i 2 

- f »7' n d(At - <M|») 
Jo 

f T u 2 \fi m - n \ 2 Ir5 m ' n l 2 /" T 

fT \~m.n\2 fT 



Since E 5 Ji £ m '™] = 0, we then have 

fT |~m,n|2 fT 

fT \~m,n\2 fT 
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Thus 



%.[/ s+w r \ d8] - Es ' [ L ^ n rf(4 m -rf4 n )] 

< P(£m>fn)- 

It then follows that {r] n }^ =1 is a Cauchy sequence in Mi (0,T). We then can 
pass limit on the both sides of (fT4|) to obtain fp~3|) . By using the same argument 
as Song [T2] Theorem 4.5, we can also prove that {z n }^L 1 is a Cauchy sequence 
in TJg (0,T). The proof is complete. ■ 
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